Abstract. We show that any neighborhood of a non-degenerate reversible bifocal homoclinic orbit contains chaotic suspended invariant sets on N-symbols for all N ≥ 2. This will be achieved by showing switching associated with networks of secondary homoclinic orbits. We also prove the existence of super-homoclinic orbits (trajectories homoclinic to a network of homoclinic orbits), whose presence leads to a particularly rich structure.
Introduction
A useful indicative of complicated behavior in a differential equation is the presence of homoclinic orbits to a hyperbolic equilibrium point. For instance, in any neighborhood of a Shilnikov homoclinic orbit (a homoclinic orbit connected to a saddle-focus in dimension three) one can find chaos. This chaotic behavior is made clear by means of suspended horseshoes in any number of symbols [18, 22] . That is, there are compact invariant hyperbolic sets of the Poincaré return map whose dynamics are topologically conjugate to the Bernoulli shift on N-symbols with N ≥ 2. Similar results were also obtained in the literature [7, 11, 19, 20, 23] for non-degenerate bifocal homoclinic orbits in the non-resonant case.
Given an ordinary differential equation of the typė
a bifocal homoclinic orbit γ is a solution bi-asymptotic to an equilibrium point O such that D f (O) has a pair of eigenvalues α k ± iω k , k = 1, 2 with α 1 < 0 < α 2 and ω 1 · ω 2 0. This equilibrium is often called by bifocus. The non-resonant case is given by the saddle index δ = |α 1 /α 2 | 1 and γ is said to be non-degenerate if the tangent spaces of the stable and unstable manifold of O have a trivial intersection (containing the flow direction) at any point around the connection γ. The resonant case δ = 1 includes Hamiltonian and reversible systems.
The presence of chaos in any neighborhood of a non-degenerate Hamiltonian bifocal homoclinic orbit was obtained by Devaney in [5] . He proved that, in the critical level set, one can find two-dimensional suspended horseshoes on any number of symbols arbitrarily close to the connection. This result was extended by Lerman [12, 13, 14] for nearby level sets showing the existence of infinitely many suspended two-dimensional horseshoes. In particular, in any neighborhood of a Hamiltonian bifocal homoclinic orbit there are compact invariant sets of the Poincaré return map, which are topologically conjugated to the shift times the identity map (see [2] ). System (1) is called reversible if there is a linear map R : R → R 4 with R 2 = id and dim(Fix R) = 2 such that f • R = − R • f . Recall that Fix R = {x ∈ R 4 : Rx = x}. A trajectory of (1) is called reversible or symmetric if it is invariant under the involution R. The similarity between reversible and Hamiltonian systems has been demonstrated in many cases [4] . For instance, both reversible and Hamiltonian homoclinic orbits are accompanied by a oneparameter family of periodic orbits [6] . However, nothing is known in general about the presence of chaos in a neighborhood of a reversible bifocal homoclinic orbit γ. Homburg and Lamb studied in [9] this situation under the extra assumption that there is an orbit γ a 0 in the one-parameter family γ a of accompanying periodic orbits to γ whose stable and unstable manifolds intersect in a reversible bi-asymptotic orbit ρ a 0 to γ a 0 . They concluded that the non-wandering set of the return map describing the dynamics near ρ a 0 is contained in a set with a lamination of one-dimensional leaves parameterized by a subshift of finite type, that is similar as in the Hamiltonian case.
In this paper,will prove that in any neighborhood of a non-degenerate reversible bifocal homoclinic orbit γ, we find chaos in an arbitrary number of symbols. We stress that we do not ask for additional hypotheses as the one used in [9] . We will say an invariant set Λ of a continuous map Π is chaotic on N-symbols if Π : Λ → Λ is semi-conjugate to the shift on the set Σ + N = {1, . . . , N} N of sequences of N-symbols and the periodic orbits of Π are dense in Λ. This notion of a chaotic set is an extension of the so-called chaos in the sense of Block and Coppel [3, 1, 15] . As a consequence of the semi-conjugation we have that Π| Λ has positive entropy, namely h top (Π| Λ ) ≥ log N and has sensitive dependence on the initial conditions. Theorem A. In any tubular neighborhood T of a reversible non-degenerate bifocal homoclinic orbit γ of (1) and for every N ≥ 2, there is a first return map Π describing the dynamics near γ on T which has an invariant set Λ N chaotic on N-symbols.
Devaney showed in [5] that in any tubular neighborhood of a non-degenerate Hamiltonian bifocal homoclinic orbit there are infinitely many secondary homoclinic orbits. That is, other bifocal homoclinic orbits which make several excursions along the primary homoclinic orbit. This result was extended for non-degenerate reversible bifocal homoclinics by Härterich [8] showing that the secondary homoclinics are also reversible and non-degenerate. Thus, in any neighborhood of the primary orbit, we can find a homoclinic network
associated with the bifocus O composed of N different non-degenerate reversible homoclinic orbits to O. The chaotic sets Λ N of Theorem A will be obtained by showing the occurrence of switching with respect to the network Γ N . In other words, we will prove that each sequence associated to the homoclinics of the network is shadowed by a nearby trajectory.
To be precise, consider cross-sections S i transverse to γ i and write Π for the first return map on the collection of cross-sections
According to [10] (see also [11] ), the homoclinic network Γ N is called switching if for each tubular neighborhood U of Γ N , there exists a flow trajectory τ ⊂ U and a point x ω ∈ τ such that Π i (x ω ) ∈ S ω i+1 for all i ≥ 0. We call x ω the starting point of the realization τ of ω.
Following [21] , a trajectory τ is said to be a super-homoclinic orbit to the network Γ N if τ is a bi-asymptotic connection to Γ N , that is it accumulates on the network Γ N in forward and backward time. A super-homoclinic orbit is not a homoclinic loop itself, but its presence implies the existence of large number of the so-called multi-pulse homoclinic loops. We say that the homoclinic network Γ N exhibits symmetric super-homoclinic switching if for each ω ∈ Σ + N we find a super-homoclinic orbit realizing ω with starting point x ω ∈ Fix(R). Since x ω belongs to Fix(R), then the super-homoclinic orbit also follows the sequence ω in backward time. When any prescribed finite path is realized by a reversible homoclinic (resp. periodic) orbit starting in Fix(R), we say that Γ N exhibits symmetric homoclinic (resp. periodic) switching.
In the next main result, we give a description of the orbits in a neighborhood of the non-degenerate reversible homoclinic orbit γ: Theorem B. Under the assumption of Theorem A, every homoclinic network Γ N in the tubular neighborhood T of (1) exhibits symmetric super-homoclinic, homoclinic and periodic switching.
The paper is organized as follows. First, in Section 2 we construct the Poincaré return map through the composition of local and semi-global maps. We strongly use the notion of reversibility. After that, in Section 3, the spiralling geometry near the bifocus equilibrium is described. In particular, we state that a disc transverse to the stable manifold of O is mapped, under the first return map, into a spiralling sheet. The geometrical setting is explored in Section 4 to obtain regions on the disk that are mapped by the flow into new spiralling regions containing discs in a position similar to the first one. This allows us to establish the recurrence needed for Section 5, where Theorem A and Theorem B are proven.
Open questions. We finish this section with a couple of open questions. Notice that all the periodic and super-homoclinic orbits found in Theorem A and B are symmetric. Thus the first question, less ambitious, but still interesting is the following.
Question 1:
Are there non-symmetric periodic or homoclinic solutions near γ?
Since we are only able to show a semi-conjugacy with the one-sided shift, a natural problem is: Question 2: Is there a semi-conjugacy with the full two-sided shift on N-symbols?
There are several examples in the literature where switching is proven through the existence of a suspended horseshoe in any neighborhood of the network [10, 11] . On the contrary in [10, 17] , switching has been shown to result from an attracting network without a suspended horseshoe. From the constructions in Theorem A, the chaotic sets we obtain do not seem to come from suspended horseshoes. But they may arise from the suspension of the so-called partially hyperbolic sets, such as the product of the horseshoe by the identity map. Moreover, in [8] it is proven that homoclinic orbits are actually accumulated by one-parameter families of periodic orbits. This parameter can play the role of the center direction of the partially hyperbolic set. In [9] , under extra assumptions, partially hyperbolic sets were shown to exist in reversible systems. Thus our last question is:
Question 3: Can the semi-conjugacy obtained in Theorem A be extended to a conjugacy with a partially hyperbolic set? 2. Setting and return maps (local and global) 2.1. Setting. Our object of study is the dynamics around a reversible (not necessarily conservative) non-degenerate bifocal homoclinic orbit for which we give a rigorous description here. Specifically, we study a differential equatioṅ
where f : R 4 → R 4 is a C 2 -vector field whose flow has the following properties:
In particular, if x(t) is a solution of (2), then so is Rx(t).
(P2) The origin O ∈ Fix R is a bifocus equilibrium. In the reversible case, it follows that the eigenvalues of D f (O) are ±α ± iω where α > 0 and ω > 0.
(P3) There is a non-degenerate reversible homoclinic orbit γ to O. That is,
In particular, the reversibility implies that γ ∩ Fix(R) ∅.
From now on, ϕ(t, x) denotes the flow of (2) at time t ∈ R and initial condition x ∈ R 4 . Under assumptions (P1)-(P3), Härterich showed in [8] the following result: Theorem 2.1 ([8] ). In any tubular neighborhood of γ there exist infinitely many reversible nondegenerate homoclinic orbits to O. Moreover, each homoclinic orbit is accumulated by a one-parameter family of reversible periodic orbits.
We fix a tubular neighborhood T of γ and N ≥ 2. According to Theorem 2.1 we can find N different reversible non-degenerate homoclinic orbits γ i in T. Consider the network
We perform a similar analysis to that of [8, 11] and study the first return map over a crosssection transverse to the homoclinic network Γ N . The flow in a neighborhood of γ consists of local and global dynamics. When a trajectory is near the equilibrium its behavior is essentially governed by the linearized vector field. Far from the equilibrium, we use the Tubular Flow Theorem [16] to create a global return map.
Local dynamics.
According to [8] , the equation (2) can be linearized near O. That is, there exists a neighborhood V O of O such that, if (x 1 , x 2 , x 3 , x 4 ) is in V O , the system (2) is C 1 -orbitally equivalent to the linear system
Using (3), we may define new bipolar coordinates (r s , φ s , r u , φ u ) near the bifocus O: Near O, in bipolar coordinates (r s , φ s , r u , φ u ), the dynamics is governed by the differential equationsṙ
whose explicit solutions can be written as
2.2.1.
Cross sections near to the bifocus equilibrium. Without restriction we can assume that the linear involution R in (2.1) is given by R(
, as in [8] . Thus the two-dimensional plane of fixed points by R is written in bipolar coordinates as
In order to construct the Poincaré map, we consider the three-dimensional return sections near the origin, where r > 0 is chosen sufficiently small such that
By reversibility we also have that 
Integrating (4), see computations in [8, 11] , we may define the map 
Finally, we introduce the Poincaré first return map on Σ following the homoclinic network Figure 1) . Observe that Π is actually defined as the composition of three maps: first Π s which is well defined from
Note that Π is of class C r with r ≥ 2 and it is a reversible map, i.e., R • Π • R = Π −1 .
Spiralling geometry
In this section we describe the strong spiralling behavior of solutions near O. We suggest the reader follows Figure 2 .
Let a ∈ R, D be a disc centered at p ∈ R 2 . A spiral on D around the point p is a smooth curve S : [0, ∞) → D, satisfying lim s→∞ S(s) = p and such that if S(s) = (r(s), φ(s)) is its expression in polar coordinates around p then i) r(s) is bounded by two monotonically decreasing maps converging to zero as s → ∞, ii) φ(s) is monotonic for some unbounded subinterval of [0, ∞) and iii) lim s→+∞ |φ(s)| = ∞.
The notion of spiral may be naturally extended to any set diffeomorphic to a disc. A two-dimensional manifold S embedded in R 3 is called a spiralling sheet accumulating on a curve C if there exist a spiral S around (0, 0), a neighborhood V ⊂ R 3 of C, a neighborhood W 0 ⊂ R 2 of the origin, a non-degenerate closed interval I and a diffeomorphism η : V → I×W 0 such that η(S ∩ V) = I × (S ∩ W 0 ) and C = η −1 (I × {0}).
The curve C may be called the basis of the spiralling sheet. Up to a diffeomorphism, we may think on a spiralling sheet accumulating on a curve as the cartesian product of a spiral and a curve. In the present paper, the curve C lies on the invariant manifolds of O. Each cross section to C intersects the spiralling sheet S into a spiral. Note also that the diffeomorphic image of a spiralling sheet contains a spiralling sheet.
The following result will be essential in the sequel. It shows that a set diffeomorphic to a disc transverse to W s
The recurrence
In Section 2, we have fixed pairwise disjoint compact neighborhood V i of q i in Σ for i = 1, . . . , N. By means of the global transition maps we have also got pairwise disjoint compact neighborhoods
Now, we introduce the local stable un unstable manifolds of O in Σ as
Observe that the orbit starting in W s i (resp. W u i ) goes directly to O, in forward (resp. backward) time. The proof of the main results needs the following basic result. (Fix(R) ), then the associated solution is a reversible homoclinic orbit to O.
Lemma 4.1. If there is an integer n
Proof. We prove the case that x ∈ W s i ∩ Π n (Fix(R)). The other case is analogous. We have that Π −n (x) ∈ Fix(R) and hence, by the reversibility, Π −2n (x) ∈ W u i . Thus the orbit associated with x is a homoclinic orbit.
If R is a measurable set of Fix(R) ∩ T let us denote by A(R) its usual area. 
. Now we will proceed inductively. 
From Proposition 4.2 it follows that K is an non-empty set and K ⊂ H. Moreover, for any pair
Remark 4.3. In fact, any point in K is uniquely identified as above by a pair (i,
Again, Proposition 4.2 and Equation (7) imply that
∈ Fix(R), then by the reversibility we also have that Π −k (x n i ) ∈ V i k+1 for all k ≥ 1. This proves the following: Proposition 4.4. The homoclinic network Γ N = γ 1 ∪ · · · ∪ γ N is switching by reversible trajectories. Moreover, the starting point of the orbit realization can be taken in K ⊂ Fix(R) (see (6) ).
The next lemma will prove that the flow orbit associated with the point in K approaches the homoclinic network Γ N in forward time (by reversibility this also holds in backward time). To shorten the notation, we will say that a sequence (y n ) n converges to a set A if the distance between y n and A goes to zero as n → ∞.
Proof. By reversibility, it suffices to prove the lemma for k → ∞. Let x ∈ K and since K is identified with Σ + N × Z N , by means of (7) we get the sequences i = (i k ) k∈N ∈ Σ + N and n = (n k ) k∈N ∈ Z N such that
By the inductive construction, A k is a small compact neighborhood of Π k (q 
Proof of the main results
Let P be the set of points x ∈ V ∩ Fix(R) such that Π n (x) = x for some n ≥ 1 where
Finally, we will prove our main results:
Proof of Theorem B. From Proposition 4.4 and Lemma 4.5 we conclude that Γ N exhibits symmetric super-homoclinic switching. It remains to show symmetric homoclinic and periodic switching.
According to Lemma 4.1 and Lemma 4.2 the flow orbit associated to any point p ∈ H is a reversible homoclinic orbit. For any k ≥ 1, n = (n 1 , . . . , n k−1 ) ∈ Z k−1 and i = (i 1 , . . . , i k ) ∈ {1, . . . , N} k we find a point q = q n i ∈ H such that
Thus, any prescribed finite path is realized by a reversible homoclinic orbit starting in Fix(R), and so Γ N exhibits symmetric homoclinic switching.
Finally, according to Theorem 2.1, each point q n i ∈ H is accumulated by a one-parameter family (p a ) a of periodic points p a ∈ P. In particular H ⊂ P. Moreover, these periodic orbits follow the homoclinic orbit starting at q n i around a turn before closing. Thus Π j (p a ) ∈ V i |j|+1 | j| ≤ k − 1, and Π k−1 (p a ) = Π −(k−1) (p a ),
proving that Γ N exhibits symmetric periodic switching.
Proof of Theorem A. Consider Λ = K ∪ P and let
Clearly Λ N is a Π-invariant set. Since H ⊂ P and K ⊂ H, then Λ ⊂ P, and so the set of periodic points is dense in Λ N . It remains to prove that Π| Λ N is semi-conjugated to the shift σ on the set Σ + N = {1, . . . , N} N .
We denote by π : Λ N → Σ + N the coding map defined by
Clearly π satisfies that π • Π = σ • π. From Theorem B, the network Γ N is switching and one can take the starting point of the realization in K ⊂ Λ N . This implies that π is onto (surjective). It is left to see that π is also a continuous map.
Fix x ∈ Λ N , M ∈ N and for z ∈ Λ N denote by π(z) = (j n ) n∈N . It is enough to show that there exists δ > 0 such that if d(z, x) < δ, then j n = i n for all n ≤ M. Now there exists a δ 1 > 0 such that, if d(z, x) < δ 1 then z ∈ V i 1 , and thus j 1 = i 1 . Since the return map Π is continuous at x, we may find a δ 2 such that if d(z, x) < min{δ 1 , δ 2 } then d(Π(z), Π(x)) < δ 1 . As above this implies that j 1 = i 1 and j 2 = i 2 . Proceeding inductively until the n-th iterate of Π we obtain δ = min{δ 1 , δ 2 , . . . , δ n } > 0 as required. This completes the proof of the semi-conjugation between Π : Λ N → Λ N and σ : Σ + N → Σ + N .
